It may happen that the two free boundaries coincide for / ^ 0. One can construct many examples of U t with this property, by letting U t be the weak solution of (1) on the closure of Q, with boundary condition U t ( -a,t)= f t (t) and initial condition U t (x, -T) = g(x), where the/ 4 (/) and g(x) are continuous functions with
Introduction
In this note we present a unique continuation theorem for the free boundary of solutions of the porous medium equation (1) in one space dimension, with m > 1. As an application of this result we shall also show that solutions whose free boundaries are real analytic arcs, are in fact the positive parts of real analytic functions defined on a neighbourhood of their support. Our result concerns two weak solutions U x and U 2 of (1) on a small rectangle
Q = {-a,a)x(-x,T)
whose free boundaries are moving. More precisely, we assume that there are two strictly increasing functions (<:( -T, T) -• ( -a, a) such that > 0 if* holds for all (x, t)sQ. The ( t (t) are called the free boundaries of the respective solutions. It is known that they are C 00 smooth functions (Caffarelli and Friedmann first showed that they are C \ and using this Aronson and Vazquez, Kreis and Hollig, and the author proved independently and by different means that the boundaries are indeed C°°).
Under special circumstances the free boundary may even be real analytic, but in general this need not be true.
Our main result is the following. THEOREM 1.1. 7/"Ci(0) = ( 2 (0), then either the two solutions U^ and U 2 coincide for t ^ 0, or else there is k > 0 such that Ci fc> (0) * a fc) (0).
and g(x) = 0 for x ^ 0. Then, if the f and g are small enough, the weak solutions will exist on the entire rectangle Q, and their free boundaries will not reach the right edge {a} x ( -T, T). If one chooses the boundary values/ 1 2 so that they coincide for / ^ 0, but not for / > 0 (for example, f x {i) </ 2 (/) when / > 0), then the uniqueness of the weak solution implies that the U { and hence their free boundaries ( t (t) must coincide for / ^ 0. Our result implies that they must be different for / > 0. This example also shows that the free boundaries do not have to be real analytic functions, even though they are always C 00 smooth. We shall actually prove a slightly more general result, since we shall consider two radially symmetric solutions of the porous medium equation in U n . My original motive for looking at this problem came from a question of P. E. Souganidis, who asked whether the free boundary of such a radially symmetric solution determines the entire solution (the answer is 'yes').
In the proof of Theorem 1.1 we compute a 'normal form' for a typical intersection of the two free boundaries ( t (t). As a consequence of this analysis, we get an analogue of Matano's lap-number result [11] . The result is about two solutions Ufa, t) both of which are assumed to be continuous on the closure of Q. Let ^( 0 and <% 2 (t) be the graphs of their positive parts, THEOREM 
IfU x { -a, t) ± U 2 ( -a, t) for all t e ( -T, T), then at each time t the two curves <#<(') have at most a finite number of intersections, and this number does not increase with time. In fact, whenever the two free boundaries meet, the number of intersections drops.
In the last two sections we use the unique continuation theorem (1.1) to prove the analyticity of certain solutions of the porous medium equation. THEOREM 
In the proof we use a Cauchy-Kovalevski kind of construction to show that there is such a power-series solution with the same free boundary as our given solution U, and then we conclude from Theorem 1.1 that this power series must coincide with U.
Combined with the result in [2] this implies the following analyticity result for solutions of the porous medium equation. Indeed, under the hypotheses of this theorem it is shown in [2] that both free boundaries ( ± are real analytic curves, for / > 0, so that Theorem 1.4 follows immediately from Theorem 1.3.
Radially symmetric solutions
Let U 1<2 be two solutions of the porous medium equation, 
At the free boundary we have w (ir (Ct(0> t) > 0, so that we can introduce two new functions r ( (y, t), which are related to the u t via ««fo,0 = iy 2 -
Since the u { are C 1 functions for r ^ d(t), there will be a small y* > 0 such that both r t are defined for \y\ ^ y#. They will be even functions of y.
If we differentiate the defining equation a couple of times, then we get the relations A short computation then shows that f Q >0
and
In addition to (4) the function r also satisfies the following boundary condition:
The quantity p = u r = y/r y = 1 jP satisfies the equation
Since the Caffarelli-Friedmann result extends to the radially symmetric case, we have continuity of p. Then, as in [2] we get Holder continuity of/?, and from that we get C 00 smoothness of p, again, as in [2] .
Normal form near an intersection
Let r^y, t), r 2 (y, t) be the two solutions of (4) which correspond to the two solutions £/, of the porous medium equation with which we started. We have assumed that the two free boundaries £,(/) meet each other at / = 0, and this implies that 
for some smooth function £>(JC, i) which is even in x. In addition, we have vv,(0,0 = 0 (te(-z,z)).
As in [4, 12] we can compute what the highest-order terms of the Taylor expansion of w look like. We have assumed that at / = 0 one has vv(0,0) = 0. In addition to this we now assume that w(x, 0) has an mth-order zero as a function of x, at JC = 0. In other words, we assume that
Since w is an even function, m -2n must be even, and one can replace O(x m+1 ) by
).
By differentiating (9) repeatedly with respect to time, one proves by induction that In particular one sees from this that so that near / = 0 there is no other t at which the two free boundaries will intersect. From this one can also compute the Newton polygon of w at (0, /"), that is, the convex hull of all pairs (k, 1) e N x N for which the coefficient of x h t l in the Taylor expansion of w does not vanish. It consists of the straight line through (n, 0) and (0,2ri), and parts of the two coordinate axes.
Up to a numerical factor the Laguerre polynomials L y~l (x) are obtained by
. This implies, as is well known, that U~\x) has n distinct zeros on the positive real line [13] .
If w were equal to the highest-order part of its Taylor series, then its zero set would consist of n parabolae of the form 45 y / = -x 2 (j = 1,...,«), where the 9 } are the zeros of Z^W Using the Malgrange preparation theorem [8] and the simplicity of the zeros of the Laguerre polynomials, one proves that the zero set of w near (0,0) consists of n C°°-smooth curves, each of which is a graph of the form This means that in a small neighbourhood of the origin, the function w( •, t) has n zeros for / < 0, and no zeros for / > 0. Consider the two curves <% t (t) of the introduction, and assume that the two solutions u t (x, t) of the porous medium equation that define them are different. It follows from the regularity results for parabolic partial differential equations in [7] that they are real analytic curves away from their end points (( ( (0> 0-If t n e y should have an infinite number of intersections at some time t 0 , these intersections must therefore accumulate at the end points, and these end points must coincide; that is,
t n e n e x t section we shall show that d If this number of intersections changes at some time / 0 , then the ^4(f 0 ) either have a non-transversal intersection, or their end points coincide. In the first case it follows from the results in any of the references [12, 11, 4, 3] that the number of intersections must decrease.
The second case occurs exactly when vv(0, / 0 ) = 0, and since the zeros of vv( •, / o ) correspond to intersections of ^( O and <% 2 (t 0 ), we have just shown that the number of zeros must decrease in this situation as well.
This completes the proof of Theorem 1.2, provided we show that w(-,t 0 ) cannot have a zero of infinite order, unless it vanishes identically. We do this in the next section, and in the proof we shall use the following lemma, which follows from what we have just done. 
Non-flatness
In this section we use some of the ideas in [3] to prove that w cannot have a zero of infinite order.
First, as in [3] , we note that we can assume that the solution w is defined on all U x [0, T]. Indeed, if vv(x 0 , /") # 0 for some (x 0 , t 0 ), then w is non-zero on a neighbourhood of this point, say on (x 0 -e,x o + e)x (t 0 -e,t o + e). Then we can change w on the region x ^ x 0 so that w becomes defined on the entire strip U x (t 0 -e, t 0 + e), and does not vanish when |x| ^ x 0 .
The new w also satisfies an equation like (9), since the old and the new w coincide for |JC| ^ x 0 , while the new w does not vanish for larger x. Therefore we can just define
D(x, t) to be (w t -w xx -(2y-l)wjx)/w.
Clearly we could have chosen w to have bounded derivatives, so that the D we get is a bounded function on IR x (/ 0 -e, / 0 + e).
Introduce new coordinates £, and T, given by Proof. Integration by parts shows that, for <p, y/ e dom (jf) one has which shows that tf is symmetric and bounded from below. By inspection one sees that the functions are eigenfunctions of $C y , with eigenvalue -In.
Since the y/ n (£) form a complete orthonormal system in E the operator Jf y has exactly one self-adjoint extension, namely its closure. The spectrum of H y consists of the non-negative even integers, so that H y is positive semidefinite.
Thus the gaps in the spectrum of H y all have length 2, while the operator P(t) tends to zero (in operator norm on E). We can therefore apply [1, Lemma 6] , which says that, for some integer k ^ 0 and some constant c ^ 0, 
Analyticity across the boundary
We turn to the proof of Theorem 1. 
where the u n (t) are real analytic functions, and for every S > 0 there is p 5 > 0 such the series (11) converges uniformly for \x\ ^ p s , \t\ ^r -S.
If u(x, f) is defined to be u(x, t) for JC < ((i), and 0 for x ^ ((/), then u is a weak solution of the porous medium equation, which is defined on an open neighbourhood of the prescribed free boundary x = ((/). By Theorem 1.1 there is at most one solution of the form (11) , and if such a solution exists, then there are no other C 00 solutions; that is, any C°°-smooth solution with free boundary x = ((t) must coincide with the given solution (11) .
Assuming that such a solution exists, one must have by the well-known formula for the speed of the free boundary of a solution of the porous medium equation. One can substitute the ansatz (11) in the equation (1), and by raking together terms which contain the same power of (x -((t)), one obtains a recurrence relation for the coefficients u n (t), from which they can be computed, one at a time.
Instead of computing the coefficients u n (t) and proving directly that the series in (11) converges, we shall go back to the transformation
u(x(y, t), t) = | / and consider the function ( ) = u x (x(y,t),t).
In Section 2 we noted that the porous medium equation for u is equivalent to the following equation for p:
P y (O,t) = O, p(0,t) = -C(t)/7:
We shall prove that this problem has a solution of the form for certain real analytic functions p k {i).
Given such a solution, P(u, t) = pWu, t) is a well-defined holomorphic function, and one can recover u(x, t) from p by solving
dv/dx = P(v(x, t), t), v(0,0 = 0 and putting u(x, i) = v(x -C(t),t)
. If p is analytic, then u will be analytic also. Therefore, to prove that u exists, we must solve (12) . In Theorem 6.1 we shall show that for every t 0 e (-T, T) there is a real analytic solution p to (y, t) on some rectangle
R t^{ (y,t):\y\<S(t 0 ),\t-t Q \<S(t 0 )}.
By the uniqueness of the real analytic solution, these p to coincide on the overlaps of the squares R to , and one can piece them together to form a solution p on some open neighbourhood of ( -T , T) X {0} in ( -T , T) X ( -a, a) . Moreover, if p(y, t) is a solution then so is p (-y, t) , so that the uniqueness of the solution also implies that it is an even function of the y variable. Theorem 1.3 therefore follows from Theorem 6.1.
A Cauchy-Kovalevski theorem
Instead of dealing with power series, we shall consider holomorphic functions of the two complex variables y and t. We can do this since such functions can be written as a power series, and any power series yields such a holomorphic function. (13) on the polydisk D{a, x), for some small enough a, x > 0.
Since the operator s/ a has a regular singularity at y = 0, it seems proper to call (13) a 'regular-singular Cauchy problem'.
We first prove a linear inhomogeneous version of this theorem, and then use Newton's method to solve the nonlinear problem. THEOREM 
Let P, Q and f be bounded holomorphic functions on the polydisk D(a, T). Then the linear inhomogeneous Cauchy problem
has a holomorphic solution u on D(a, x). This solution satisfies This is a variation on the usual linear Cauchy-Kovalevski theorem, as it can be found in partial differential equation textbooks like F. John's [10] . The conclusion of our theorem is slightly stronger, since one usually only gets a solution on a pyramidlike region of the form |/| < x -C\y\ for some constant C. Instead, we get a solution on the whole polydisk D(a, x) . This phenomenon is related to the infinite speed of propagation associated with parabolic partial differential equations; if we had Proof. For any fixed y Cauchy's inequality allows one to estimate u t (y, t 0 ) in terms of the maximum of u(y, t) on a disk of radius (1 +X) ' 1 , centred at t Q . The result is
Since (1 + \/X)
A < e, this proves the lemma.
By induction we shall show that and along the way we shall compute the constants A n . From Lemma 6.3 one sees that the inequality (16) certainly holds for n = 1, if one takes A, = ||/||/4(Re(a)+l).
Assume that (16) 
and by Lemma 6.3 
